Abstract: Numerical investigation for the effect of thermal stratification on MHD flow and heat transfer of dusty fluid over a vertical stretching sheet embedded in a thermally stratified porous medium in the presence of uniform heat source and thermal radiation. The governing equations for the problem were reduced in to dimensionless ordinary differential equations using suitable similarity transformations. The transformed nonlinear ordinary differential equations are numerically solved by applying efficient RungeKutta Fehlberg-45 Method with shooting technique. The effects of various flow controlling parameters such as Prandtl number, heat source/sink parameter, fluid particle interaction parameter, heat source parameter, radiation parameter on velocity and temperature distributions of both fluid and dust phases are depicted graphically. Finally, the numerical results are compared and found to be in good agreement with previously published results under special cases. The results indicate that the fluid phase velocity is always greater than that of the particle phase and thermal stratification significantly affects the surface shear stress as well as the surface heat transfer.
Introduction
Free convection in electrically conducting fluids through an external magnetic field has numerous and wide range of applications in the fields such as nuclear reactors, geothermal engineering, liquid metals and plasma flows, petroleum industries, the boundary layer control in aerodynamics, crystal growth, industrial and agricultural water distribution, oil recovery processes, thermal insulation engineering, pollutant dispersion in aquifers, the dispersion of chemical contaminants in various processes in the chemical industry and in the environment, soil pollution, fibrous insulation etc. Thermal radiation was identified as the important heat transfer mechanism in the indirect heating method in heat treatment furnaces. At high operating temperature, radiation effect is quite significant. Many processes in engineering areas occur at high temperature and knowledge of radiation heat transfer becomes very important for the design of the pertinent equipment. Nuclear power plants, gas turbines and the various propulsion devices for aircraft, missiles, satellites and space vehicles are examples of such engineering areas. Hossain and Takhar [1] studied the effect of thermal radiation using the Rosseland diffusion approximation on mixed convection along a vertical plate with uniform free stream velocity and surface temperature. Nandeppanavar et al. [2] [3] [4] [5] have studied the effects of viscous dissipation and thermal radiation on heat transfer of second-grade fluid and viscoelastic fluid flow over a stretching plate. Krishnamurthy et al. [6] have studied the effects of thermal radiation and chemical reaction on boundary layer slip flow and melting heat transfer of nanofluid induced by a nonlinear stretching sheet. The work by Manjunatha et al. [7] includes the boundary-layer flow of a dusty fluid over a stretching cylinder embedded in a porous medium in presence of heat source and thermal radiation.
Stratification of fluid arises due to temperature variations, concentration differences or the presence of different fluids and it is a characteristic of all fluid bod-ies surrounded by differentially heated side walls. Several investigations have explored the importance of convective heat and mass transfer in thermally stratified environment. The concept of stratification is vital in still water such as lakes, ponds, etc. Also, the analysis of thermal stratification is important for solar engineers because higher energy efficiency can be achieved with a better stratification. Boundary layer flow in a stable stratified viscous fluid has been investigated theoretically and experimentally by several authors. The flow due to a heated surface immersed in a stable temperature stratified medium has been investigated experimentally and analytically in several studies such as Yang et al. [8] , Jaluria and Gebhart [9] , Chen and Eichhorn [10] . Saha et al. [11] have obtained the numerical solutions of natural convection flow from an isothermal vertical plate with uniform heat source embedded in a stratified medium. Srinivasacharya et al. [12, 13] analyzed the free convection heat and mass transfer along a vertical plate embedded in a stable doubly stratified micropolar fluids. Using Lie group theory, Samuel and Zachary [14] studied the free convective flow along a heated vertical wall immersed in a thermally stratified environment. Numerical solutions for steady mixed convection boundary layer flow over a vertical surface embedded in a thermally stratified porous medium saturated by a nanofluid was presented by Yasin et al. [15] and Ibrahim and Makinde [16] . Swati et al. [17] [18] [19] discussed the effects of thermal stratification on flow and heat transfer past a porous vertical stretching surface and exponentially stretching sheet embedded in a thermally stratified medium.
Effect of Joule heating and viscous dissipation with thermal stratification, chemical reaction and Hall current has been analyzed by Zaib and Shafi [20] . Rashad et al. [21] have investigated the effect of chemical reaction on coupled heat and mass transfer by mixed convection boundary layer flow of a micropolar fluid over a continuously moving isothermal vertical surface immersed in a thermally and solutally stratified medium. Gnaneswara [22] [23] [24] studied the effects of thermal radiation, viscous dissipation, chemical reaction and Hall current on the hydromagnetic convection flow and MHD peristaltic flow of electrically conducting viscous fluid over a stretching flat plate. Loganthan and Vimala [25] have conducted a numerical procedure to investigate the influence of the combined effects of MHD, suction and radiation on the forced convection boundary layer flow of a nanofluid over an exponentially stretching sheet, embedded in a thermally stratified medium. Hayat et al. [26] investigated the stratified phenomenon through vertical stretching cylinder in the region of stagnation point point flow of Casson fluid with slip conditions. Further, Hayat et al. [27] studied the effects of thermal radiation, viscous dissipation and stratification process due to temperature and concentration on MHD unsteady flow of viscous nanofluid over an inclined stretching sheet.
Two-phase particulate suspension flows containing discrete particle phase and the continuous fluid phase have several engineering applications. Flow fields of this kind are of interest in connection with applications involving dust collection equipment's, gas masks, turbine blade erosion and aircraft icing. Saffman [28] has formulated the basic equations for the flow of dusty fluid. Since then many researchers have discussed the problem of dusty fluid flow between parallel plate and over a stretching surfaces under different thermal conditions. Vajravelu and Nayfeh [29] investigated hydromagnetic flow of a dusty fluid over a porous stretching sheet. The flow of a electrically conducting dusty fluid in the presence of transverse magnetic field is encountered a variety of applications such as magneto hydrodynamic generators, pumps, accelerators and flow meters. There have been many articles dealing with theoretical modeling and experimental measurements of the fluid and particle-phase viscosity in a dusty fluid. Laminar flow of a two-phase particulate suspension induced by a suddenly accelerated infinite vertical permeable surface in the presence of fluid buoyancy, magnetic field, heat generation or absorption, and surface suction or blowing effects was presented by Chamkha [30] . Ganesan and Palani [31] studied free convection flow of a dusty fluid past a semiinfinite inclined plate with constant heat flux using an implicit finite difference method. Gireesha et al. [32] have analyzed the boundary layer flow and heat transfer of a dusty fluid over a stretching sheet with the effect of non-uniform heat source/sink.
Makinde and Chinyoka [33] studied MHD transient flows and heat transfer of dusty fluid in a channel with variable physical properties and Navier slip condition. The effects of time dependent surface temperature on the flow and heat transfer of a viscous, incompressible and electrically conducting dusty fluid has been studied by Nandkeolyar et al. [34] , by assuming fluid particles are heat absorbing and the temperature at the surface of the sheet is a result of convective heating. Nandkeolyar and Sibanda [35] investigated the steady two dimensional boundary layer flow of a viscous, incompressible and electrically conducting dusty fluid past a vertical permeable stretching sheet under the influence of a transverse magnetic field with the viscous and Joule dissipations. Gireesha et al. [36] obtained the interesting and new results on dusty fluid flow due to linear and exponential stretching of a porous and non porous plate with various effects like heat source/sink, radiation, viscous dissipation etc. Manjunatha et al. [37] have studied the heat transfer analysis of steady two dimensional flow of conducting dusty fluid over a stretching cylinder immersed in a porous media under the influence of non-uniform source/sink. Recently, Prasannakumara et al. [38] analyzed melting phenomenon in MHD stagnation point flow of dusty fluid over a stretching sheet in the presence of thermal radiation and nonuniform heat source/sink. Although the flow of dusty fluid over a stretching plate has been considered extensively in the literature, no work has been reported on the problem of effect of thermal stratification on flow and heat transfer of two-phase flow over stretching sheet.
As mentioned earlier, the present work deals with the effect of thermal stratification on MHD stretched flow and heat transfer of a dusty fluid over a vertical stretching sheet embedded in a saturated porous medium in the presence of uniform heat source and thermal radiation. The formulated mathematical equations for the problem were reduced to dimensionless ordinary differential equations using suitable similarity transformations. The effects of various flow controlling parameters like magnetic parameter, Prandtl number, heat source/sink parameter, fluid particle interaction parameter, heat source parameter, radiation parameter, Grashof number, as well as the local skin friction coefficient on velocity and temperature distributions of both fluid and dust phases are depicted graphically and in tabulated form.
Mathematical Analysis
Consider a steady two dimensional laminar boundary layer flow of an incompressible viscous electrically conducting dusty fluid over a vertical stretching flat plate. Let the temperature at the wall is T w (x) and the plate is embedded in a thermally stratified porous medium of variable ambient temperature T ∞(x), where Tw (x) > T∞ (x) (heated plate). The positive x coordinate is measured along the stretching vertical surface and the positive y coordinate is measured normal to the sheet in the outward direction toward the fluid. The schematic illustration of the physical model and coordinate system is shown in figure 1 . The porous medium is assumed to be transparent and is in thermal equilibrium with the fluid. Further the two phases to be considered here are a continuous fluid phase interspersed with a discrete solid particulate phase. The particles are taken to be small enough and of sufficient number and are treated as a continuum which allow concepts such as density and velocity to have physical meaning. A uniform magnetic field B o is applied in the transverse direction y normal to the plate. The magnetic Reynolds number is assumed to be small so that the induced magnetic field is neglected in comparison with the applied magnetic field. Also, applied electric field, the Hall current and the Joule heating are neglected. The dust particles are assumed to be spherical in shape, uniform in size and mass, and are undeformable. Here both phases behave as viscous fluids and the volume fraction of suspended particles is finite and constant.
Fig. 1: Physical model
Under these assumptions, along with the usual boundary layer approximations, the governing equations for the flow are, ∂u ∂x
Where (u, v) and (up , vp) are the velocity components of the fluid and dust particle phases along x and y directions respectively. μ, ρ and N are the co-efficient of viscosity of the fluid, density of the fluid, number density of the particle phase respectively, B 0 is the strength of applied magnetic field, K is the Stokes' resistance (drag co-efficient), m is the mass of the dust particle. T and Tp is the temperature of the fluid and temperature of the dust particle respectively, c p and cm are the specific heat of fluid and dust particles, τ T is the thermal equilibrium time i.e., the time required by the dust cloud to adjust its temperature to the fluid, τ v is the relaxation time of the of dust particle i.e., the time required by a dust particle to adjust its velocity relative to the fluid, β is the coefficient of thermal expansion, g is the acceleration due to gravity, Q 0 is the heat source coefficient, k p is the permeability of the porous medium, k is the fluid thermal conductivity, σ is electric conductivity and υ is the kinematic viscosity. It is also assumed that the external electric field is zero and the electric field due to polarization of charges is negligible. In deriving these equations, the drag force is considered for the interaction between the fluid and particle phases. Using the Rosseland approximation for radiation, radiation heat flux is given
Where σ * and k * are the Stefan-Boltzman constant and the mean absorption co-efficient respectively. Assuming that the temperature differences within the flow such that the term T 4 may be expressed as a linear function of the temperature, and expand T 4 in a Taylor series about T∞ and neglecting the higher order terms beyond the first degree in (T − T ∞) , then we get
Substitute equations (7) and (8) in (5) to get
The appropriate boundary conditions for the flow problem are given by Nadeem et.al. [39] 
Where a, b and c are positive constants and c is known as stretching rate, T 0 is the ambient temperature at the leading edge. T is the fluid temperature, To convert the governing equations into a set of similarity equations, we have introduced now the following transformation
which are identically satisfies equations 1 and 3 and by substituting (11) into (2, 4, 6, 9) one can obtain the following non-linear ordinary differential equations:
where a prime denotes differentiation with respect to η and l * = cν is the local Reynolds number, Δ is uniform heat source/sink parameter, St = b a is the stratification parameter. We notice that St > 0 implies a stably stratified environment, while St = 0 corresponds to an unstratified environment.
The dimensionless boundary conditions defined as in (10) will becomes,
Numerical Solutions
In the first step, a set of non-linear ordinary differential equations (12) - (15) with boundary conditions (16) are discretized to a system of simultaneous differential equations of first order by introducing new dependent variables. Missed initial conditions are obtained with the help of shooting technique. Afterward, a finite value for η ∞ is chosen in such a way that all the far field boundary conditions are satisfied asymptotically. Our bulk computations are considered with the value at η ∞ = 5, which is sufficient to achieve the far field boundary conditions asymptotically for all values of the parameters considered. After fixing finite value for η ∞, integration is carried out with the help of Runge-Kutta-Fehlberg-45 order method. At each step, two different approximations for the solution are made and compared. If the two answers are in close agreement, the approximation is accepted otherwise, the step size is reduced until to get the required accuracy. For the present problem, we took the step size Δη = 0.001, η ∞ = 5 and accuracy to the fifth decimal places. To validate the accuracy of the numerical procedure used, first test computations for θ (0) are carried out for viscous fluid for various values of Pr and compared with the available published results of Goyal and Grubka and Bobba [40] , Abel and Mhaesha [41] and chen [42] in table 1 and they are found to be in excellent agreement.
Result and Discussions.
The velocity and temperature profiles or obtained by solving equations (12) (13) (14) (15) when subjected to the boundary conditions (16) by assigning numerical values to the parameter encounter in the problem. The velocity filed and the temperature profile for both fluid and dust phases are plotted to investigate the influence of various flow controlling parameters such as uniform heat source/sink parameter (Δ), mixed convection or buoyancy parameter (λ), fluid particle interaction parameter for temperature (β v), magnetic parameter (Q) Prandtl number (Pr), fluid interaction parameter for velocity (β v), Eckert number (Ec), radiation parameter (R), stratification parameter (St) and permeable parameter (S). Figures 2 and 3 shows the variations in velocity and temperature profile of fluid and dust phase in response to a change in the values of thermal stratification parameter. Here, we have consider both negative and positive stratification parameter. It is seen that as St increases, both velocity and temperature profile decreases. This is due to the fact that an increase in St means increase in free-stream temperature or decrease in surface temperature. Thermal boundary layer thickness is therefore also decreased with an increase in St values. Figure 4 present the effects of variation of uniform heat source (Δ > 0) or sink (Δ < 0) parameter on temperature profiles of fluid and dust phases. It is observed that the dimensionless temperature profiles increases with increase in the heat source parameter and decreases for increasing strength of heat sink parameter. This is due to the fact that (Δ > 0) generates the additional energy, and this causes the increase in thickness of thermal boundary layers. Figure 5 depicts the effect of Prandtl number on temperature distributions for a fixed value of St (St = 0.5). In the presence of stratification, an increase in Prandtl number decreases the temperature of both fluid and dust phases. Figures 6 and 7 explains the effect of β v and β T on velocity and temperature profiles. Increase in β v will decrease fluid phase velocity and increases dust phase velocity. This is because, increase in β v is a result of decrease of τ v and it is obvious that the time required by a dust particle to adjust its velocity relative to that of fluid also decreases with decrease of τ v. From Figure 7 we can observe that the dust phase temperature increases while fluid phase temperature decreases with increase in β T . Figure 8 depicts the effect of the magnetic parameter on dimensionless temperature distributions. The presence of magnetic field in an electrically conducting fluid induces a force called Lorentz force, which opposes the flow. This resistive force tends to slow down the flow and hence increases in its temperature. Figures 9 and 10 reveals that both temperature and velocity profiles of fluid and dust phases increases with increase in the Eckert num- ber, which causes to increase the thermal boundary layer thickness also. Figure 11 explains the effect of Radiation parameter on temperature profiles. It is observed that, the temperature profile increases for increasing values of R. This is because, an increase in radiation parameter provides more heat to the fluid that causes an enhancement in the tem- perature and thermal boundary layer thickness. Figure 12 and 13 demonstrate the effects of permeability parameter on velocity and temperature profiles. It is obvious that the presence of a porous medium causes higher restriction to the fluid flow which, in turn, slows its motion. Therefore, with increasing permeability parameter, the resistance to the fluid motion also increases and hence velocity We have numerically studied the effects of radiation parameter, and Prandtl number on skin friction coefficient and the local Nusselt number, which represents the heat transfer rate at the surface and are recored in the table 1. From this table it is clear that magnitude of both skin friction coefficient and local nusslet number are increasing functions of Pr and β T and decreasing function of λ. Also magnitude of skin friction coefficient increases with increase in Q, S and St and decreases with Δ and λ. Further it is observed that, Increase in the values of Ec, λ, enhances the magnitude of local nusslet number. The skin friction coefficient increases with Pr and in consequence increases the heat transfer rate at the surface. This is due to the fact that the higher Prandtl number reduces the thermal boundary layer thickness and increases the surface heat transfer rate. Also, high Prandtl number implies more viscous fluid which tends to retard the motion.
Conclusions
A numerical analysis has been developed to investigate the effect of thermal stratification on boundary layer flow of a dusty fluid over a permeable stretching surface embedded in a thermally stratified porous medium in the presence of uniform heat source, transverse magnetic field and thermal radiation. The governing boundary-layer equations for the problem are reduced to dimensionless ordinary differential equations by a suitable similarity transformation. Numerical computations for the effects of controlling parameters on velocity and temperature fields have been carried out. A comparison between the present numerical solutions and previously published results have been included, and the results are found to be in excellent agreement. The effects of various parameters on the flow and heat transfer are observed from the graphs, and are summarized as follows: Ambient temperature at the leading edge u, v Velocity component of the fluid along x and y direction up, vp Velocity component of the dust fluid along x and y direction a, b, and c Positive constants 
